Abstract-Propagation of terahertz (THz) wave utilizing spoof surface plasmon polariton (SSPP) earned a great deal of attention due to the ability of SSPP modes to guide THz waves at very low dispersion. We present an investigation of the SSPP beam splitter, one of the key elements of many optical setups. In contrast with conventional free space implementations, in the case of the SSPP beam splitter, one can no longer disregard scattering of incoming wave back into the input channels. Thus, SSPP implementations must take into consideration both the splitting ratio and the backscattering as important parameters characterizing the beam splitter. Three different designs representing different approaches to solving the problem of the relation between these parameters are investigated. The mathematical formalism to study the dispersion diagrams is proposed. The frequency dependence of splitting ratio, scattering parameters, and backscattering for each beam splitter is investigated. Finally, by employing one of the proposed beam splitter, a controllable filter is designed and analyzed.
I. INTRODUCTION
T HE fast approaching to the communication limits in millimeter range and demand for higher bandwidth inspired researchers to exploit the underdeveloped frequency range from 0.1 to 10 THz known as the terahertz (THz) band [1] - [4] . Various THz structures have been investigated in past decade to provide the solution to constantly increasing demand for higher communication speed. Despite these efforts, this region is remaining underexploited due to the fact that most of the proposed components, such as sources and detectors, are working at lab scale and their implementation in real-world applications is still challenging [5] .
There are several major hurdles in developing THz components such as high power sources working at room temperature, high sensitivity detectors, and low loss guiding structures. Recently, some structures have been proposed that can detect THz signals at a high speed [6] , [7] . In the field of THz sources, resonant tunneling diodes and photoconductive antennas have been explored as the candidates that can deliver the substantial power in the THz range at room temperature [8] - [10] . In the area of guiding THz waves, Grischkowsky et al. used the conventional electromagnetic (EM) metallic hollow waveguides in the THz Fig. 1 . Two-sided corrugated waveguide. For structures analyzed below, the typical sizes are taken to be h = 80 μm, a = 12 μm, w = 300 μm, d = 100 μm, t = 33 μm.
frequency spectrum [11] , [12] . Besides this, there have been efforts to investigate and utilize structures such as subwavelength metal wires waveguide, tubes, index-guiding silicon slab waveguides or sapphire fibers, etc. [13] - [16] as candidates to guide THz waves. However, there are still some obstacles such as high metal loss, high bending loss, coupling difficulty, group velocity dispersion, and fabrication difficulty [17] . To overcome the aforementioned problems, researcher tried to apply some of the previously developed ideas from optical domain such as using surface plasmon polariton (SPP) modes and implement them at THz band. There have been significant theoretical and experimental efforts to utilize these modes in the THz frequency range (0.3-10 THz), but, because of the losses in metals at this range, the efficiency of using SPP is low [17] . The proposed method to overcome the weak guiding of SSP modes at THz frequencies is the utilization of spoof surface plasmon polariton (SSPP) waves confined to the periodically corrugated metallic structures. First by Wang and Mittleman, the possibility of having dispersion-less propagation along metallic wire surrounded by dielectric at THz frequency was shown in [18] . Later, Pendry et al. proposed a periodic structure containing grooves at metallic dielectric interface to support THz propagation [19] . These SSPP modes exhibit features such as field enhancement and localization. Different structures have been proposed and analyzed that are capable of guiding SSPP modes, such as doubly corrugated rectangular waveguide (DC-SSPP) (see Fig. 1 ), cylindrical corrugated waveguide (C-SSPP), corrugated coaxial waveguide, corrugated wires, etc. [17] , [20] - [22] . Utilizing these waveguides, several components have been presented in the literatures including fast THz switches [23] - [26] , analogto-digital convertor [27] , which are applicable in designing THz logic circuitry. Besides those, there are efforts to propose and design passive components using SSPP waveguides. One of the components which is the important building block of every optical setup and, therefore, is necessary in THz range is beam splitter. In general, beam splitters used in THz setup are polar-izing metallic grids, dielectric films, or substrate-coated beam splitters [29] - [31] .
Coated dielectric beam splitters, however, introduce significant loss; for example, if the dielectric is made of alkali-halide, it shows high absorption at frequencies below 7 THz [29] . Metamaterial-based beam splitters, in turn, are mostly working at specific polarization and are not suitable for wavelength smaller than the structure's period. This paper organized as follows: in Section II, we discuss the main properties of three different beam splitter structures. The scattering parameters are calculated in a high frequency structural simulator (HFSS) to compare and justify the analytical results. In Section III, the four-port beam splitter is discussed in the context of quantum applications, specifically from the perspective of homodyne detection, and in Section IV, the proposed structure for tunable filter is investigated.
II. THREE DIFFERENT BEAM SPLITTER DESIGNS AND THE NUMERICAL RESULTS
The main feature drastically distinguishing SSPP BS is their reduced dimensionality. As a result, there is always scattering into the state with reversed wave vector, i.e., backscattering. Moreover, one may expect that the ability to redistribute efficiently the incoming wave into the outgoing channels is related to the strong perturbation of the SSPP flow and thus should be accompanied by the strong backscattering. The importance of the intensity of backscattering depends on details of specific applications. For example, in setups employing the small number of beam splitters, backscattered signal can be completely ignored. We address this problem in more detail in the next section in the context of prospective applications in homodyne detection schemes. On the other hand, in large-scale setups backscattering may lead to significant reduction of the output signal, which may pose the challenging obstacle. This leads to the problem of rather finding an optimal design in terms of the tradeoff between the splitting efficiency and the intensity of backscattering as is dictated by the specific application. We analyze three implementations of the SSPP BS shown in Fig. 2 , which illustrates different approaches to the problem of SSPP splitting.
Transport of THz waves through the SSPP mode in double corrugated waveguide (see Fig. 2 ) with subwavelength dimensions has been analyzed in detail in the previous publications [21] . These results are directly applicable for the analysis of one-and two-connector (TC) beams splitters, but require a generalization in order to deal with the beam splitter design based on coupling through shared grooves. The generalization is based on applying the transfer matrix formalism for finding the spatial distribution of the EM field along the z-direction. The closed form of the transfer matrices can be found, as will be elaborated below, keeping the lowest frequency contributions, which is justified for the low frequency part of the spectrum.
As well as in [21] , we consider E y = 0 polarization. In this case instead of the full vectors of the electric and magnetic fields, it is sufficient to keep track of E x , B y , and if the waveguide contains layers with different dielectric functions, E z components.
Then, the SSPP dispersion law is recovered by enforcing the proper boundary conditions. Due to the periodicity in the x-direction, in virtue of the Bloch theorem, it is sufficient to consider in detail the field distribution within the single period. Inside the grooves, E z must vanish at the boundaries and thus we have
where l enumerates different modes, x L is the x-coordinate of the left boundary of the groove, a is the width of the grooves,
and α
− are the amplitudes of the waves propagating upward and downward, respectively.
Inside the arm due to the Bloch theorem, the components are given by ± . The procedure is based on treating E x in (1) and B y in (2) as Fourier expansions of functions, which should take the specific form at z = z B . For example, limiting expansions in (1) and (2) to the same number of terms, one finds β
z z B are found from the continuity of B y . Solving the obtained system of equations with respect to β (m ) ± , one obtains the transfer matrix, which maps the state of the EM field inside the groove into the state of the field inside the arm. From the formal point of view, the requirement of the number of terms in (1) and (2) being the same ensures that the dimensions of the spaces of the states of the EM field in the groove and in the arm are the same. This can be avoided in waveguides with the corrugation along one side only [28] or in highly symmetrical two-sided single-arm waveguides [21] but is necessary in the general case.
In order to make main formulas less cumbersome, we will keep only terms with l = 0 and m = 0 in (1) and (2), which is justified for analysis of the low frequency part of the spectrum. Incorporating phase factors e ±i Q z z B , where
z , and e ±i P z z B into the amplitudes α ± and β ± we find implementing the procedure outlined above the relation between vectors |α = (α + , α − )
T and |β = (β + , β − ) T describing the EM field in the groove and in the arm, respectively, |β =T a,g |α, where the transfer matrix through the groove-arm interface iŝ
Here, x c = x L + a 2 is the x-coordinate of the center of the groove, S = a/d sinc( Since the phase factors were incorporated into the amplitudes, the phase difference between the amplitudes at opposite ends of an element (either groove or arm) is accounted for by introducing diagonal matricesT g,g = diag(e i P z h , e −i P z h ) and T a,a = diag(e 2i Q z t , e −2i Q z t ) for the groove with height h and the arm with height 2t.
The total transfer matrixT tot connecting the state of the EM field at the upper and lower ends of the structure is found by taking the ordered product of the transfer matrices through individual elements. For example, for the single-arm waveguide, this is,T S A =T ggTgaTaaTagTgg (4) while for the two-arm waveguide with shared grooves, we havê
The distribution of the field must satisfy certain boundary conditions at the ends of the structure. For the case of our main interest, when the structure is terminated by closed grooves, E x must vanish at the ends. Thus, we have α + + α − = 0 or in vector notations x|α = 0 or equivalently |α = c|−x, where c is an arbitrary number, |±x ≡ (1, ±1) T / √ 2 and bra-and ket-vectors are related as usual through Hermitian conjugation.
Thus, in the case of our main interest, closed structures, the SSPP dispersion equations are
Since the left-hand side of this equation defines an analytic function of ω, for a given β, (6) holds only for isolated frequencies ω = ω i (β), which thus define branches of the SSPP dispersion curve when
Due to the mirror symmetry of the structures under consideration, the dispersion equation factorizes D (e) (ω, β) D (o) (ω, β) = 0 because the modes possess the definite transformation properties under reflections about the middle line. It is convenient to classify the modes according to the sign of charge on the horizontal boundaries, or, equivalently, according to the sign of E z : the even and odd modes are characterized by even and odd functions E z (z). The even mode, therefore, has E x vanishing at the middle line and thus the transfer matrix through half of the structure,T half , must map |−x into |−x, which leads to
The similar argument for an odd mode yields
For the single-arm waveguide, this leads to already known result
. First three branches determined by (9) are shown in Fig. 3 .
The dispersion law of SSPP in the two-arm waveguide with shared grooves is derived in the same way. It should be noted that in this case D Fig. 2(c) ]. Solid and dashed lines show symmetric and antisymmetric modes, respectively.
which, in particular, shows the effect of the length of the shared grooves on the SSPP dispersion curves. The two-arm waveguide, however, does not have the convenient factorization property and has somewhat cumbersome form
The solutions of equations D (ω, β) = 0 are shown in Fig. 4 . Obtained dispersion laws allow us to discuss the main features of the SSPP propagation through beam splitters. The easiest case is the implementation shown in Fig. 2(a) , which we will refer to as the single-connector (SC) beam splitter. It can be regarded as consisting of two connected T-junctions. Thus, considering ports 1 and 2 as input ports and ports 3 and 4 as output, that is in the contra-propagating scheme, one can expect that due to the mirror symmetry with respect to the central vertical line the supplied input should be split equally between the output ports.
In order to characterize quantitatively the transport properties, we introduce |S(i, j)| 2 , the normalized output power at port j with the input at port i, so that |S(i, 1)| 2 + · · · + |S(i, 4)| 2 = 1. In the contra-propagating setup, ports 1 and 2 (see Fig. 2 ) are input ports and ports 3 and 4 are regarded as output. In the co-propagating scheme, the input is supplied at ports 1 and 4 and the output is collected at ports 2 and 3. The characteristic of special importance, as will be illustrated in the next section, is the splitting ratio, or balance. For a symmetric contra-propagating beam splitter, i.e., with input ports 1 and 2, the balance is fully characterized by the ratio b(ω) = |S(1, 3)| 2 /|S(1, 4)| 2 , for the co-propagating beam splitter, when ports 1 and 4 are input, the splitting ratio is defined as b(ω) = |S(1, 2)| 2 /|S(1, 3)| 2 . For both cases, when b(ω) = 1 the beam splitter is balanced; otherwise, it is unbalanced. Fig. 5 shows the frequency dependence of the parameters |S(i, j)| 2 for the simplest design with one connector. It is assumed here and in the following figures that the input signal is supplied at port 1. Due to the symmetry of the structure, the full set of parameters |S(i, j)| 2 is obtained by simple re-enumeration of the ports. For example, for the contra-propagating scheme, the output signal with input at port 2 is found as |S ( , which characterize the output signal in the contra-propagating scheme. This confirms the observation based on the symmetry of the structure made above. At the same time, it should be noticed that in the co-propagating scheme the equal splitting is reached when curves corresponding to |S(1, 2)| 2 and |S(1, 3)| 2 intersect, which occurs at isolated frequencies near the low-frequency edge of the SSPP waveguide.
As has been discussed above, another important characteristic is the intensity of backscattering, which is defined in terms of the scattering intensities as R = |S(1, Fig. 5 demonstrates that for the SC design connector the high intensity of the backscattered signal R(ω) > 0.5 is rather typical, which, as has been discussed above, may be a highly undesirable property. The numerical calculations were performed using HFSS simulation package [32] , and the ports are terminated to the matched load, so that there is no reflection at the port's termination back into the structure.
The problem of significant backscattering can be approached utilizing more complex designs in two ways: with the help of destructive interference of backscattered waves or by reducing backscattering itself. The implementation of the first principle in the beam splitter with TCs is shown in Fig. 2(b) .
In this case, the backscattered field at the input ports is the result of interference of waves scattered on different junctions. In order to get better understanding of the mechanism of reduction of backscattering, we consider the propagation across the beam splitter approximating the propagation of the EM wave into the connector by the main component with the propagation constant
2 , where d C is the width of the connector in the x-direction. Then, the propagation of the SSPP can be described by the transfer matrices of the form
and
C , for the even and odd modes of the beam splitter, respectively. The scattering into the even and odd modes of the connector is described by the transfer matrices [33] T (e)
respectively, and the propagation of the SSPP in the arm is described by
Here, D and l are the distances between the arms and connectors, respectively, Z 1 = ω/k, Z 0 = −ωβ/c 2 P 2 . Parameters S(i, j) can be expressed in terms of the matrix elements of the transfer matrices T (e) and T (o) (see, e.g., [33, Sec. IV]). Imposing the condition of minimal power at the input ports, i.e., minimal backscattering, we find that the necessary condition is
Thus, one can achieve reduced backscattering in TC at given frequency by making the structure with specially chosen distance between the arms. In order to demonstrate this effect, we compare in Fig. 6 the field distribution inside two structures with slightly different l at the same frequency.
The frequency dependence of the S-parameters of the TC is shown in Fig. 7 . It should be noted that while backscattering in TC is significantly reduced comparing to SC, the simultaneous reach of balanced splitting and low backscattering requires careful adjusting the parameters of the structure and thus this design is more suitable for narrowband applications.
More direct control over backscattering is achieved in the implementation of the SSPP BS shown in Fig. 2(c) . The advantage of such constructed beam splitter is that the translational symmetry is broken in a less invasive way. Moreover, by carefully choosing the characteristics of the waveguides, one can eliminate the variation of the SSPP propagation constant at the junction between the parts of the waveguide with disjoint arms and with arms sharing grooves thus reducing the backscattering in a stable (nonresonant) manner. Indeed, as (10) shows, the fundamental branch of a two-arm waveguide can be presented as a result of coupling between the even mode of the singlearm waveguide (i.e., its fundamental branch) and the lowest odd mode, with the coupling parameter proportional to the difference between heights of the shared and nonshared grooves. Thus, for frequencies not too close to the edge of the fundamental branch, where the coupling between the even and odd modes is significant, the lowest modes of the single-and twoarm waveguides differ only slightly. Therefore, for a given frequency, the mismatch between the propagation constants, and, hence, the impedance mismatch, between the parts of the beam splitter with disjoint arms and with arms sharing grooves, is small. This observation is confirmed by the numerical simula- tions presented in Fig. 8 . It shows in particular that, as well as in the case of the beam splitter with TCs, the equal splitting ratio is reached at isolated frequencies. A drawback of this design, however, should be noted. The coupling between SSPP modes propagating in different arms is relatively weak. This results in the necessity of having long length of the beam splitter, when the effect of attenuation may become pronounced.
III. FOUR-TERMINAL BEAM SPLITTER WITH BACKSCATTERING
One of the important applications of the beam splitter is in various quantum optical experiments, for instance, Hong-OuMandel type of experiments and homodyne detection. The standard description of these experiments assumes that the distinction between the input and output ports is strict. At the same time, all designs considered in the previous section demonstrate backscattering for a generic frequency. As a result, the standard description of the beam splitter adopted in quantum optics is not directly applicable but requires a slight generalization to account that sending a pulse into either port produces, generally speaking, outgoing signals in all port. Thus, the relation between incoming and outgoing states is provided by a 4 × 4 scattering matrixŜ ⎛ ⎜ ⎝
where a i is the operator corresponding to incoming SSPP in port i and b i describe outgoing SSPP. Out of the variety of possible applications of transformations of quantum states described by (16) , we pay the special attention to the implementation of the balanced homodyne detection scheme. Without the loss of generality, we can consider the case when the incoming SSPP states are supplied in ports 1 and 2 only, while only the outgoing states in ports 3 and 4 are detected.
In order to explicate such setup, we collect indices {1, 2} into set in and indices {3, 4} into set out. Then, (16) can be rewritten in the block form
where the scattering matrixŜ is written aŝ
andŜ I ,J are 2 × 2 matrices. A general one-particle observable involving ports 3 and 4 can be represented as operator
where a scalar v 0 and a 3-D unit vector v characterize measured quantity and
with σ 0 =1/2 and σ i being the usual Pauli matrices. It should be noted that the similar approach can be used for describing a general observable involving all four ports. In this case, instead of the Pauli matrices, one needs to employ the full family of generators of su(4) Lie algebra. This general case, however, is beyond the scope of the current consideration and will not be analyzed here. Equation (18) presents the observable on the basis of the outgoing states. Using (17) and taking into account that we are only interested in the case when the input is supplied at ports 1 and 2, we find
where we have introduced the modified pair (v 0 , v ) defined by the relation
This relation can be alternatively written in terms of linear transformation v i = j R i,j v j , where the matrix elements R i,j are found using the orthonormality relation Tr(σ i σ j ) = 2 −1 δ i,j . The application of this formalism for the homodyne detection is simplified by two circumstances. First, we require that the measured quantity must be a linear function of the operators corresponding to the unknown state (say, supplied at port 1). Thus, we require that v 0 = v z = 0. Second, we take into consideration that only intensity is measured at the output ports, so that v x = v y = 0. Applying the orthonormality relation, these conditions can be written as a system of homogeneous equations with respect to v 0 and v z
where i = 0, z. Writing out explicitly the matrices involved, one finds that this system has a nontrivial solution v 0 = 0, v z = Fig. 9 . Change of the splitting ratio at two close frequencies in a tunable beam splitter with the variation of the dielectric constant of the filling dielectric. The inset shows the simulated structure.
1 only when
For the case of a design symmetric with respect to the middle line, this implies that in order to be employed in the homodyne detection scheme the beam splitter must be balanced, so that
Using these findings in (21), we find
where φ i,j = arg(S i,j ) are phases of the respective scattering amplitudes. Equation (23) shows the important consequence of the symmetry of the beam splitter on the form of the observable operator on the basis of incoming states. In this case, one has φ 3,1 − φ 3,2 = φ 4,2 − φ 4,1 and, as a result, v x ≡ 0. Thus, the beam splitters with the symmetry with respect to the middle line allow one to measure only the p-quadrature. By breaking the mirror symmetry, for instance, by means of filling the beam splitter partially by a dielectric material, as is considered in the next section, the phase parameter of the beam splitter can be varied. Such modification, however, leads in general to changing the splitting ratio and, as a result, the beam splitter becomes unbalanced. Thus, the variation of the phase parameter requires more complex control schemes, which are not considered here.
IV. TUNABLE BEAM SPLITTER
The propagation of the SSPP inside the beam splitter as in the implementations with TCs and with shared grooves provides an opportunity for a flexible control over the SSPP flow. In order to demonstrate these properties, we consider the beam splitter with TCs with the upper arm filled with a dielectric. The variation of the dielectric constant leads to changing the splitting ratio as is shown in Fig. 9 .
V. CONCLUSION
We have analyzed the basic designs of beam splitters for SSPP. The main attention was paid to two important characteristics: splitting ratio and the intensity of back scattering. We show that from the perspective of balanced splitting, the simplest designtwo connected SSPP waveguides in contra-propagating setupprovides the best solution. This beam splitter demonstrates near equal splitting for all frequencies except inside SSPP band gaps. At the same time, it demonstrates high intensity backscattering, which poses a certain problem for applications in large-scale optical setups. We show that sacrificing the property of broadband balance, the intensity of backscattering can be reduced employing more complex designs by means of destructive interference of the backscattered signal (in the design with TCs) or reducing scattering by minimizing the mismatch of the SSPP propagation constant (the design with shared grooves).
The implementations of the beam splitters were analyzed from the perspective of their applications in quantum optical setups using the homodyne detection scheme as an example. We extend the standard description of the beam splitter in order to incorporate the inevitable backscattering and show that the only parameter of importance is the splitting ratio.
Finally, we demonstrate the filtering properties of the SSPP beam splitter by considering the variation of the splitting ratio of the beam splitter with changing the dielectric constant of the material filling one arm.
